The rotational property of a quantum liquid at the vicinity of the lamda point T λ is examined. In a liquid helium 4, shear viscosity shows a slight decrease just above T λ . We suppose that under the strong influence of Bose statistics, the coherent many-body wave function grows to an intermediate size between a macroscopic and a microscopic size just above T λ , and suppress the shear viscosity. When it is true, it must have a parallel effect on the rotational properties. Beginning with the bosons without the condensate, we make a perturbation calculation of its susceptibility with respect to the repulsive interaction, and examine how, with decreasing temperature, the growth of the coherent wave function gradually changes the rotational behavior of a liquid. It is shown that the moment of inertia slightly decreases just above T λ , and that the superfluid density in the mechanical phenomena does not always agree with the thermodynamical superfluid density at the vicinity of T λ . We compare the result with the experiment by Hess and Fairbank.
I. INTRODUCTION
A natural way to discuss superfluidity in a confined system is to focus on its rotational properties. When a liquid helium 4 is rotated at a temperature far above the λ point T λ , it makes a rigid-body rotation with a uniform vorticity rotv = 0 owing to its viscosity. The angular momentum around z-axis has a form of L cl z = I cl z Ω, where I cl z is a classical moment of inertia and Ω is a rotational velocity of a container. Figure.1 shows the Ω dependence of the angular momentum. When it is cooled to a certain temperature below T λ , it shows two different behaviors according to the value of Ω. Below a critical velocity Ω c , it abruptly stops rotating just as the system passes the λ point, and rotv = 0 is satisfied over the whole volume of the liquid. On the other hand, under the faster rotation than Ω c , the uniform vorticity abruptly concentrates to certain points, forming vortex lines and leaving other areas to satisfy rotv = 0. These phenomena instilled us with the notion that superfluidity abruptly appears at the λ point.
For the shear viscosity, however, we know a counter example to this notion. In a classical liquid, with decreasing temperature, the shear viscosity gradually increases [1] . In a liquid helium 4, however, it reaches a maximum value at 2.8K, and begins to reduce its value, finally dropping at the λ point (2.17K). Figure. 2 illustrates this temperature dependence [2] . From our viewpoint, it is a remarkable fact that the shear viscosity begins to decrease at T λ +0.6K before the macroscopic condensate appears. The basis of our phenomenological understanding is the two-fluid model, the foundation of which at T ≪ T λ has been established by microscopic theories. However, it is questionable that the two-fluid model in a primitive sense is applicable to the explanation of the decrease of shear viscosity above T λ , because it completely separates the system into the normal and the superfluid part from the beginning, and assumes that the latter abruptly emerges at T λ [3] .
London stressed that superfluidity is not merely the absence of viscosity, but the occurrence of rotv = 0, and proposed an experiment to confirm this point [4] , which was later performed by Hess and Fairbank [5] . This means that the complete disappearance of shear viscosity is attributed to rotv = 0 over the whole volume of a liquid. In the case of the partial decrease of shear viscosity, however, we are led to a different situation. The change of shear viscosity within 0.6 K above T λ in Fig.2 is exactly this case, and it suggests that under the strong influence of Bose statistics, the coherent many-body wave function just above T λ grows to a large but not yet macroscopic size. The translational motion of atoms in these coherent wave functions is irrotational, and it should suppress the viscosity just above T λ .
The existence of irrotational regions in a liquid must have a parallel effect on the rotational properties. It must slightly reduce the moment of inertia I z just above T λ , a possible L z (Ω) of which is schematically illustrated by a dotted line d in Fig.1 . The rotational properties of a liquid helium 4 has been subjected to considerable experimental and theoretical studies [6] . These studies, however, mainly focus on the dynamics of the quantized vortices in the superfluid phase in situations where the rotational velocity is not so small that the number of vortices are large. After the pioneering work by Hess and Fairbank [5] , and by Packard and Sanders [7] , the regimes in which only a few vortices are present have rarely been explored. Hence, it is not surprising that almost no precise measurement has been made on I z just above the λ point.
A similar reason exists in theoretical studies as well. In theories of superfluidity, the infinite-volume limit is often assumed. In V → ∞, the only significant distinction between states is that between the microscopic and the macroscopic one, and therefore there is no room for the intermediate-sized wave functions in the theory. (In V → ∞, "large but not yet macroscopic" is substantially equivalent to "microscopic" [8] .) This clear-cut distinction lies behind the two-fluid model, and it leads us to the preoccupied notion that the anomalous mechanical behaviors by superfluidity appear in a mathematically discontinuous manner at the Bose-Einstein condensation temperature T BEC . (The only exception to this notion is the critical phenomena explained by the idea of universality, which holds only at the critical region 10 −1 > T /T λ − 1 > 10 −6 .) For the real system, however, the overall transformation occurs more or less continuously, which exhibits its own feature ignored in the concept of universality at a wider temperature region around T λ than the critical one. For the rotation of confined system, we cannot ignore the existence of the center of rotation and the boundary of the system, and therefore we must take into account the size of the system. Hence, the validity of the limit V → ∞ is worth examination, and the magnitude of phenomena hidden in the V → ∞ limit must be estimated by experiments. We think that, although the deviation of the moment of inertia I z from its classical value just above T λ may be small, the essence of superfluidity is revealed in a primitive form in such a regime, which constitutes the necessary condition for discriminating a quantum fluid from a classical fluid.
To consider these problems, we will make a somewhat different approach from conventional ones. At T < T λ , the existence of the macroscopic coherent wave function
(r is a center-of-mass coordinate of many helium 4 atoms) leads to rotv = 0 geometrically, because the condensate momentum p is expressed by p = (h/m)∇S.
Since we will focus on the continuous change of the system around T λ , we cannot assume from the beginning the sudden emergence of φ(r) at T λ . Rather, considering the Bose system above and below T λ on a common ground will enable us to study the intricacy underlying the onset of superfluidity. We begin with the Bose system without the condensate, make a perturbation calculation of its susceptibility with respect to the repulsive interaction by taking peculiar graphs reflecting Bose statistics, and examine how the formation of the coherent wave function gradually changes the rotational behavior of the system. As a result, we derive a nonclassical rotational behavior which we normally think comes from rotv = 0, without assuming rotv = 0 from the beginning. Specifically, we will derive the decrease of 4. Section 5 considers the nonlinear response, and Sec.6 discusses some related problems.
II. MOMENT OF INERTIA OF THE REPULSIVE BOSE SYSTEM

A. Moment of inertia
Consider bosons in a uniform rotation around z-axis. For a liquid helium 4, the repulsive particle picture is not so unrealistic as it would be for any other liquid. Hence, as its simplest model, we use
where Φ p denotes an annihilation operator of a spinless boson.
The hamiltonian in a coordinate system rotating with a container is H − Ω · L, where L is the total angular momentum. The rotation is equivalent to the application of a probe acting on a sample. The perturbation
which Ω × r ≡ v d (r) serves as the external field. Figure. 3 shows a part of the Bose system in a cylindrical container. When the origin of r is put on the center of rotation, v d (r) has a concentric-circle structure illustrated by curved arrows in Fig.3 . (In the rigid-body rotation, v d (r) agrees with the drift velocity at point r.) We define a mass-current density J (r), and express the perturbation H ex as
Because of divv d (r) = 0, Eq.(2) says that v d (r) acts as a transverse-vector probe to the excitation of bosons. This fact allows us the formal analogy that the response of the system to v d (r) is analogous to the response of the charged Bose system to the vector potential A(r)
in the Coulomb gauge [9] [10]. Hence, J (r) in Eq.(2) has the following form in momentum space being similar to that in the charged Bose system
(h = 1 and τ = it). v d (r) is a macroscopic external field causing the spatial inhomogeneity in the container, whereas J (r) contains both microscopic and macroscopic informations of the system.
As the simplest susceptibility to v d (r), we often use the mass density ρ = nm (n is the number density of particles) as J (r) = ρv d (r). Microscopically, however, one must begin with the generalized susceptibility consisting of the longitudinal and transverse part (µ = x, y, z)
By definition, the mass density ρ is a longitudinal response to an external force, ρ = χ L (0, 0).
As illustrated in Fig.3 , however, the rotational motion of particles is perpendicular to the radial direction, along which the influence of the wall motion extends into the container.
Hence, in principle, one must use the transverse susceptibility χ
Using Ω = (0, 0, Ω) in the left-hand side of Eq. (2), and using the above J (r) and v d = Ω × r = (−Ωy, Ωx, 0) in its right-hand side, one obtains the angular momentum L z as
In a normal fluid, the susceptibility satisfies χ T (0, 0) = χ L (0, 0), and therefore the ordinary use of ρ is justified. The classical moment of inertia is given by
In a superfluid, however, the above argument must be altered. For the later use, we define a term proportional to q µ q ν in χ µν byχ µν
whereχ µν represents the balance between the longitudinal and transverse susceptibility [11] . Using Eqs. (5), (6) and (7), the moment of inertia I z = L z /Ω is written as
For the occurrence of nonclassical moment of inertia, the balance between the longitudinal and transverse low-energy excitation must be destroyed. In Eq. (8),
Consider χ µν of the ideal Bose system. Within the linear response, it is defined as
where |0 > is the ground sate of p ǫ(p)Φ † p Φ p . The term proportional to q µ q ν has a form of
where f (ǫ(p)) is the Bose distribution.
(1) If bosons would form the condensate, f (ǫ(p)) in Eq. (10) is a macroscopic number for p = 0 and nearly zero for p = 0. Thus, in the sum over p in the right-hand side of Eq.(10), only two terms corresponding to p = 0 and p = −q remain, with a result that
where ρ s (T ) = mn c (T ) is the thermodynamical superfluid density, and n c (T ) is the number density of particles participating in the condensate. Equation. (8) with Eq.(11) leads to
(2) When bosons form no condensate, the sum over p in Eq. (10) is carried out by replacing it with an integral, and one notices that q −2 dependence disappears in the result. Hence, using such aχ Under the repulsive interaction, however, the above argument is seriously affected. To see this, we must begin with a physical argument.
B. Bose statistics and repulsive interaction
We have a physical reason to expect the decrease of the moment of inertia in bosons at low temperature. The relationship between the low-energy excitations and Bose statistics dates back to Feynman's argument on the scarcity of the excitation in a liquid helium 4 [12] , in which he explained how Bose statistics affects the many-body wave function in configuration space. To the rotating bosons, we will apply his explanation.
(1) In Fig.3 (a), a liquid (white circles) is in the BEC phase, and the wave function has permutation symmetry everywhere in the container. Assume that the rotation of a container (depicted by curved arrows) moves white circles on a solid-line radius to black circles on a one-point-dotted-line radius (a transverse excitation). At first sight, these displacements seem to be a large-scale configuration change, but this result is reproduced by a set of slight displacements (depicted by short thick arrows) from positions in the initial configuration to black circles after rotation. For any particle after rotation, it is possible to find a particle being close to it in the initial configuration. In Bose statistics, owing to permutation symmetry, one cannot distinguish between two types of particles after rotation, one moved from the neighboring position by the short arrow, and the other moved from distant initial positions by the long arrow. Even if the displacement made by the long arrows is a large displacement in classical statistics, it is only a slight displacement by the short arrows in Bose statistics.
Let us imagine this situation in the 3N-dimensional configuration space. The above feature of Bose statistics means that in the configuration space, the excited state driven by rotation lies close to the ground state. Since the excited state is orthogonal to the ground state, the wave function corresponding to the excited state must spatially oscillate.
Accordingly, the many-body wave function of the transversely excited state oscillates within a small distance in configuration space. Since the kinetic energy of the system is determined by the 3N-dimensional gradient of the wave function, this steep rise and fall of the amplitude means that the energy of the transverse excitation is not small even at q = 0, leading to the scarcity of the low-energy transverse excitation. This is the reason of χ T (q, 0) → 0 at q → 0 below T λ , whereas the particle conservation asserts that χ L (q, 0) = ρ is valid both above and below T λ . Hence,χ µν (q, 0) in Eq. (7) changes to ρq µ q ν /q 2 at q → 0, leading to I z = 0 in Eq. (8) . (This mechanism underlies the geometrical condition rotv s = 0.) (2) At high temperature, the coherent wave function has a microscopic size. If a long arrow of v d (r) takes a particle to a position beyond the coherent wave function including that particle, one cannot regard the particle after rotation as an equivalent of the initial one. The mechanism below T λ does not work for the large displacement extending over two different wave functions. Hence, we obtain χ T (q, 0) = χ L (q, 0) at q → 0, and
(3) Figure. (a) The repulsive interaction U between particles, however, affects this situation. In general, when one moves a particle in the interacting system, it induces the motions of other particles. In particular, the large-distance displacement of a particle in coordinate space causes the excitation of many particles, and therefore it needs a large excitation energy. This means that in the low-energy excitation of the system, one observes mainly the short-distance displacement of particles. When applying this tendency to the low-energy excitation of repulsive bosons, one knows that excited particles are not likely to go beyond a single coherent wave function, but likely to remain in it, and therefore the mechanism working below T λ works just above T λ as well. This view will be tested as follows. If we increase the strength of U in χ µν (q, 0), the excited bosons get to remain in the same coherent wave function, and therefore the low-energy transverse excitation will raises its energy owing to Bose statistics as discussed in (1). Hence, the condition of χ L (q, 0) = χ T (q, 0) at q → 0 will be violated at a certain critical value of U. Alternatively, if we decrease the temperature at a given U, the above condition will be violated at a certain temperature T on .
(b) A geometric feature inherent in the rotation will play an important role in the above mechanism. The external field v d (r) has the structure of concentric circle, hence the center of rotation is a fixed point. The displacements of particles near the center is so small that they do not go beyond a single coherent wave function (a region B in Fig.3(b) ). The center of rotation is the most probable point for the mechanism discussed in (a) to work.
Hence, the region near the center is most likely to decouple from the motion of container.
With decreasing temperature, this decoupling will extend from the center to the wall, which depends on the rotational velocity Ω.
To formulate these mechanisms, we consider the perturbation expansion of χ µν with respect to U in Sec.3. After comparing it with the experiment in Sec.4, we extend it to the nonlinear response to v d (r) in Sec.5.
III. LINEAR RESPONSE
We will formulate the moment of inertia in the repulsive Bose system at the vicinity of T λ . In the integrand of Eq.(9), one must use, instead of |0 >, the ground state |G > of Eq.(1) as follows
whereĤ I (τ ) represents the repulsive interaction. Figure 4 illustrates the current-current response tensorĴ µ (x, τ )Ĵ ν (0, 0) (a lower bubble in Fig.4(a) 
(µ is a chemical potential implicitly determined by
Owing to the repulsive interaction, the boson has a self energy Σ (> 0) (we ignore its ω and p dependence by assuming it small). With decreasing temperature, the negative µ at high temperature approaches a small positive value of Σ, finally reaching Bose-Einstein condensation satisfying µ = Σ.
When the system is just above T λ in the normal phase, particles in the ground state |G > are under the strong influence of Bose statistics. Hence, the perturbation must be developed in such a way that, as the order of the perturbation increases, the susceptibility gradually includes a new effect owing to Bose statistics. Specifically, the lower bubbleĴ µ (x, τ )Ĵ ν (0, 0) and the upper bubble in Fig.4 (a) form a coherent wave function as a whole. When one of the two particles in the lower bubble and in the upper bubble have the same momentum (p = p ′ ), and the other in both bubbles have another same momentum (p + q = p ′ + q ′ ) in Fig.4 (a), a graph made by exchanging these particles must be included in the expansion. Such a transformation in Fig.4 (a) takes place as follows. The exchange of two particles having p and p ′ (= p) by thick white arrows yields Fig.4(b) . Further, the interchange of two particles having p + q and p + q ′ (= p + q) in Fig.4 (b) by thick white arrows yields Fig.4(c) . The result is that two bubbles with the same momentum are linked by the repulsive interaction, whose contribution to χ µν is given by
(a) With decreasing temperature, the coherent wave function grows to a large size, and the interchange of particles owing to Bose statistics like Fig.4 occurs many times. Hence, one cannot ignore the higher-order terms in Eq. (13), which become more significant with the growth of the coherent wave function.
(b) Among many particles contributing to Eq.(15), particles stationary to a container play a dominant role. Specifically, a term with p = 0 in Eq.(15) corresponds to an excitation from the rest particle, and that with p = −q corresponds to a decay into the rest one.
These considerations (a) and (b) lead to the following form ofχ (1) µν (q, 0) at the vicinity
where
is a positive monotonously decreasing function of q 2 , which approaches zero as q 2 → ∞.
At a high temperature (βµ ≪ 0) in which F β (q) is small, a small F β (q) guarantees the convergence of an infinite series inχ (1) µν (q, 0) of Eq. (16), with a result that
With decreasing temperature, however, the negative µ gradually approaches Σ, hence Σ − µ → 0. Since F β (q) increases as Σ − µ → 0, it makes the higher-order term significant in Eq. (16) . An expansion form of F β (q) = F β (0) − aq 2 + · · · around q 2 = 0 has a form such as
At q → 0, the denominator 1 − UF β (q) in the right-hand side of Eq.(18) has a form of
In Σ − µ → 0, UF β (0) increases and finally reaches 1, that is,
At this point, the denominator in the right-hand side of Eq.(18) gets to begin with q 2 , andχ
µν (q, 0) therefore changes to a form of q µ q ν /q 2 at q → 0. This means that a non- at a finite temperature, during which course the system necessarily passes a state satisfying 14] . One concludes that the nonclassical rotational behavior always occurs prior to BEC in the repulsive bosons , that is, T on > T λ .
The chemical potential µ, hence µ − Σ as well, determines the size of the coherent manybody wave function [15] [16], which corresponds to the size of regions enclosed by a dotted line in Fig.3(b) . The emergence of q −2 singularity inχ (1) µν (q, 0) in the process of Σ − µ → 0 is a mathematical expression of the instability mechanism induced by the growth of the coherent wave function. When U is small, this instability occurs after the wave function grows to a large size corresponding to a small Σ − µ. When U is large, this instability already occurs at a larger Σ − µ in which the wave function is smaller than the former one.
At the onset temperature T on , substituting Eq.(19) into Eq. (18), we findχ
and with the aid of Eq.(20)
µν (q, 0) is given byχ
is the number density of p = 0 bosons, and
is a Fermi-distribution-like coefficient. For the finite system just above T λ , n 0 (T ) has a large
but not yet macroscopic value. In the theoretical limit V → ∞, this quantity is normally regarded to be zero. In real finite system, however, its magnitude must be estimated by experiments (see Sec.4). Using Eq.(23) in Eq. (8), we obtain
whereρ s (T ) ≡ mc(T )n 0 (T ) is the mechanical superfluid density. 
IV. COMPARISON WITH EXPERIMENTS A. The experiment by Hess and Fairbank revisited
Hess and Fairbank, after they confirmed that a superfluid 4 below T λ remained at rest under the extremely slow rotation, made another type of experiment in their classic paper
Ref. [5] . First, at an initial temperature T 1 below or above T λ , they rotated a liquid helium 4, contained in a small cylinder of radius R = 0.44 mm, at Ω =1.13 rad/s. Later they heated it up to the temperature as it comes into rigid-body rotation, and precisely measured a small change ∆Ω of the angular velocity. Using Eq.(12), the rotational energy before heating is 1/2 × I cl z (1 − ρ s /ρ)Ω 2 , whereas it changes to 1/2 × I cl z (Ω − ∆Ω) 2 after heating.
By the conservation of energy, the former must be equal to the latter, with a result that 2∆Ω/Ω ∼ = ρ s /ρ. Below T λ , a fraction of liquid does not participate in the rotation, whereas after heating it does. The rotation after heating therefore always becomes slower, and 2∆Ω/Ω ∼ = ρ s /ρ is positive. They plotted ∆Ω/Ω as a function of initial temperature T 1 (Fig.2 of Ref. [5] ).
When the initial temperature T 1 was lower than T λ , ∆Ω/Ω was properly explained by T λ . Two temperatures, T λ +0.03K and T λ +0.28K, are situated within the temperature region (T λ < T < 2.8 K) in which the viscosity begins to decrease above T λ in Fig.2 . In Ref. [5] , the author's focus was on the rigidity of a superfluid against the rotation (the result was later named Hess-Fairbank effect), and they did not mention the small non-zero value of ∆Ω/Ω above T λ . Although this point did not attract the interest of many people, it is worth studying closely in future.
B. An estimation of the repulsive interaction U Let us make an estimation of the repulsive interaction U using Eq. (20), thus using
(1) For the present, we suppose T on = 2.8K by assuming that the decrease of viscosity in Fig.2 directly reflects the emergence of the intermediate-sized coherent wave function. (2) We assume that µ(T ) − Σ(U) in Eq. (20) follows the formula
(g a (x) = n x n /n a ) on the assumption that the particle interaction U and the particle density of a liquid helium 4 are renormalized to T λ = 2.17K (an approximation that dates back to London). Hence, we obtain a rough estimation of U as 0. 
V. NONLINEAR RESPONSE
When the precise measurement of I z is performed, the dynamic response of I z (Ω) will become a next subject, which appears in the nonlinear response of the system. As discussed in Sec.2, J contains both microscopic and macroscopic informations, whereas v d (r) is a macroscopic external field, and therefore the susceptibility connecting J and v d appears as
Hence, we do not consider a general form of the nonlinear susceptibility, but a correction term to the linear response, such as
For this phenomenon, we define some quantities. The current J (r) = χ
, where r= √ x 2 + y 2 is a distance from the center of rotation. Correspondingly, instead of Eq. (5) and (8), we define
and
The position-dependent rotational velocity is defined as
We extend the mechanical superfluid densityρ s (T ) in Eq. (26) so that it has Ω and r dependence and satisfiesρ s (T, Ω) = ρ s (T, Ω, r)2πrdrdz aŝ
Let us consider the first approximation of the above quantities. We begin with
, the analytical continuation t → τ = it is performed in the higher-order expansion terms in the right-hand side of Eq.(32) [17] . As the simplest nonlinear susceptibility for J µ , we consider the third-order term χ 
is illustrated as a square in Fig.5(a) , in which we choose only one vertex for the coupling to v d (q) out of three vertices, and make the others couple to the coarse-grained external field v d (r). The lowest-order dynamic response
µν (q, iω).)
Comparing Fig.4(a) and Fig.5(a) , we find that p in the lower bubble of Fig.4 (a) splits into p and p 1 in Fig.5(a) . Using Eq. (3), we obtain a formula corresponding to a square in Fig.5 (a)
comes from the coupling to the upper and lower v d (r)
in Fig.5(a) . In general, a loop with four vertices has three inner frequencies ω n , ω m , and ω l . For the susceptibility like Fig.5(a) , however, the q, ω in χ µν (q, iω) enters at one of the four vertices and leaves at another, thus leaving only two frequencies ω n , ω m as internal ones in Eq.(33). The remainingĤ ex in β 0 dτĤ ex corresponding to ω l appears as βĤ ex
, since the macroscopicv d (r) inĤ ex slowly varies with τ .
(a) With decreasing temperature, the coherent wave functions gradually grow, and therefore the particle interchange owing to Bose statistics frequently occurs in χ µν (q, iω) from Eq.(33), the particle interchange and the dominance of p = 0 or p = −q particles derive the same contribution toχ (3) µν , hence giving the symmetry factor 2 to Eq.(33). Hence, one obtains for a square in Fig.5 (a)
The process like Fig.5 changes Eq.(34) as follows. Using Eq. (13)-like formula for the product of four currents, bubble chains in Fig.5(c) are extended to infinity. To derive the nonclassical behavior in Eq.(29), we pick up among these terms only terms which give a term proportional to q µ q ν /q 2 at q → 0 limit, because other terms vanish in Eq.(29). Hence, we getχ
Similarly to Eq. (18), the instability occurs in Eq.(35) when the condition of Eq. (20) is satisfied, because the denominator in the right-hand side of Eq. (35) gives q −4 , and therefore the coefficient of q µ q ν diverges as q −2 at q = 0. At T = T on , the same procedure as that from Eq. (18) to (21) yieldŝ
Usingρ s (T ) = mc(T )n 0 (T ) as in Eq. (23), we obtain
Substituting Eq. (23) and (38) to Eq.(30) and using mn 0 /ρ = c −1 (ρ s /ρ), we get at T ≤ T on
Using Eq.(39), we obtain a velocity field v 0 (r) = Ω 0 (r) × r, and a vorticity field
This form shows a little change from rotv = 2Ωe z to rotv = 0, that is, from a normal fluid to a superfluid. These results are summarized in the mechanical superfluid densitŷ
In a liquid helium 4, m/k B ∼ = 2.13 × 10 −8 sec 2 /cm 2 . Hence, the Ω dependence of Eq. (41) In the normal phase, a liquid makes the rigid-body rotation satisfying v d (r) = Ω × r. In the superfluid phase, a quantum vortex appears, and a liquid makes a peculiar rotation being independent of Ω and satisfying v(r) = (hl/m)e z × r/r 2 (l is an integer). At T λ < T < T on , however, while a liquid is influenced by the rotation of a container, a region around the center of rotation slightly reduces its rotational velocity. Hence, its velocity field takes an intermediate form between these two limits. One can call it a kind of differential rotation [18] . As T → T λ , the region with a slightly smaller vorticity appearing at the center of rotation enlarges toward the wall. To describe the growth of such a region, the effect of the wall must be taken into account as a boundary condition. At a given T in T λ < T < T on , when the container slowly rotates, the region with a small rotational velocity occupies a relatively large portion of the container. With increasing Ω, such a region will shrink to the center of rotation, and therefore the nonclassical I z will approach the classical one.
In Sec.5, with r in v d (r) = Ω × r approaching the radius of container, v d (r) becomes a large external field, and more higher-order terms will contribute to I z (Ω). This will suppress superfluidity, and v 0 (r) = Ω 0 ×r with Eq.(39) will approach v d (r) = Ω×r of the rigid-body rotation. With increasing Ω as well, one can expect a similar result. For the permutation symmetry to influence the behavior of the rapidly rotating system, the question is whether a particle at r belonging to a wave function φ, after one second, actually belongs to the same φ at r + Ω × r. This probability depends not only on the size of the wave function but also on the frequency of appearance and disappearance of the Bose statistical coherence, a latter of which turns to the order parameter-order parameter correlation below T λ . When such calculations included, I z (Ω) will be extrapolated to the classical I At T < T λ , the nonclassical behavior discussed in this paper is masked by the quantum jump of L z owing to the emergence of the quantum vortex. If the quantum vortex could be suppressed, one would see the hidden behavior of L z (Ω).
B. Shear viscosity at the vicinity of T λ
In Sec.1, we consider the decrease of viscosity just above T λ as a clue to understand the moment of inertia near T λ . As shown in Fig.2 , the magnitude of this decrease reaches as much as 0.3 times of its maximum value at T=2.8 K, which is far larger than the estimated value of ∆I z /I cl z in Sec.4 using ∆Ω/Ω in Ref. [5] . As long as we stick to the two-fluid model at the vicinity of T λ , we can find no clue to this problem. To explain this difference quantitatively, we must have a microscopic theory describing the influence of superfluidity on the coefficient η of viscosity. For such a theory, one must apply the linear-response theory not to the mechanical, but to the thermal perturbation [19] . The formulation of the latter perturbation includes more subtle points than that of the former one owing to the thermal dissipation. The microscopic theory of the influence of superfluidity on η is a future problem.
Even if we have such a microscopic theory, however, one must notice that it is uncertain whether such a theory properly explain the observed large decrease of η occurring from 2.8 K to 2.17 K. The viscosity appears in the Navier-Stokes equation as η∆v, which has a form of −η · rot(rotv) in an incompressible fluid. The decrease of the viscosity comes from either the decrease of η or that of rotv [4] . The former is owing to the microscopic change of the system, whereas the latter comes from the macroscopic transformation of the velocity field v(r) in a container [20] . Since the coherent wave function has not yet grown to a macroscopic size above T λ , its influence on the macroscopic v may be limited, and therefore it is natural to attribute the decrease of the viscosity just above T λ to the decrease of η. In [8] . When the number of atoms in a droplet is too small, however, the λ transition will become obscure. Hence, there is probably an optimum system size for detecting the nonclassical rotational behavior just above T λ .
(C) Solid helium 4 has been termed a quantum crystal. Recently, an abrupt drop in the moment of inertia was found in the tortional oscillation measurements on solid helium 4 confined in a porous media [24] and on a bulk solid helium 4 [25] . This discovery leads us to reconsider the definition of superfluidity and that of solids [26] . The fundamental feature of crystals is their periodicity in density; that is, diagonal long-range order (DLRO). One has to face a serious question whether crystals remain stable while showing superfluidity that violates their periodicity. Phenomenologically, this discovery shares the following point with the subject of this paper: The nonclassical decrease of the moment of inertia occurs even in the system in which the existence of the macroscopic Bose condensate is not expected. There is, however, the following difference. In a liquid helium 4 at the vicinity of T λ in the normal phase, helium 4 atoms actually exist, and the size of their coherent wave function with zero momentum is a subject of the problem, whereas in a solid helium 4, the existence of a hypothetical moving boson, a zero-point vacancy, has not been firmly established, although it is normally assumed to exist. There are a number of problems to be clarified in a solid helium 4. Fig.4 .) The exchange of particle at one vertex yields (b). Similar exchanges at the other vertices yield (c).
